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1. INTRODUCTION 
The study of the oscillatory and asymptotic behavior of the solutions of higher-order neutral 
differential equations, besides its theoretical interest, is important from the viewpoint of applica- 
tions. (See [l].) S ome results concerning the oscillation and asymptotic behavior of the solutions 
of neutral differential equations were recently obtained by Staikos [2], Ladas and Sficas [3], Bainov 
and Mishev [4], Erbe, Kong and Zhang [5], Zahariev and Bainov [6], Grace [7,8], Wang [9], and 
references cited therein. However, we noticed that most cases in those papers were concerned 
with discrete deviating arguments. The purpose of this paper is to establish some oscillation 
theorems for even-order neutral equations with distributed deviating arguments 
where n is an even and r is a positive constant. 
We assume throughout this paper that the following Conditions (H) hold. 
(HI) c(t) 6 Wo, m ), RI, f(t,E,z) E  Wo, m ) x la,bl x R, R); 
(Hz) g(t,[) E C([to,m) x [u,b], R), g(t,E) I t, E E [a,b]; g(t,<) is nondecreasing with respect 
to t and <, respectively; and lim inft,,,ce[a,bl {g(t, t)} = cm; 
(Hs) a([) E ([a,b], R) is nondecreasing, and the integral of equation (1) is a Stieltjes integral. 
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REMARK. Since integral of equation (1) is a Stieltjes integral, the criteria are adapted to the 
following equation: 
DEFINITION 1. A function z(t) is called a solution of equation (1) if z(t) E C([t-,,m),R), 
s(t) + c(t)s(t - T), [x(t) + c(t)z(t - T)]‘, . . . , [z(t) + c(t)z(t - T)](+~) E c([to, co), R), and z(t) 
satisfies equation (I), where t-l = mint,st<oo{t - ~,g(te, a)}. 
DEFINITION 2. A solution of equation (1) is said to oscillate if it has arbitrarily large zeros. 
Otherwise, the solution is called nonoscillatory 
DEFINITION 3. Equation (1) is said to be oscillatory if every solution of equation (1) oscillates. 
In order to establish oscillatory criteria, we need the following lemmas, which can be found in 
the literature [lo]. 
LEMMA 1. Let z(t) E C”([to,co),R+). If “c(n)(t) 1s eventually of one sign for all large t, say, 
tl > to, then there exist a t, 2 to and an integer 1, 0 < 1 5 n, with n + I even for zcn)(t) > 0, or 
odd for z(“)(t) 5 0 such that 
l 1 > 0 implies that zcck)(t) > 0 for t 2 t,, k = 0, 1, . . . ,I - 1, and 
l 1 5 n - 1 implies that (-l)‘+kz(k)(t) > 0 fort > t,, k = I,1 + 1,. . . ,n - 1. 
LEMMA 2. Suppose that the conditions of Lemma 1 are satisfied, and 
Ld”-l)(t)&(t) 5 0, t 2 t,. 
Then for any X E (0,l) and sufficiently large t, there exists a constant M  > 0 such that 
Iu’(At)l 1 Mt”-2 Iu(-)(t)l. 
2. MAIN RESULTS 
CASE I. 0 5 c(t) < 1. 
THEOREM 1. Suppose that there exist function Q(t, [) E C( [to, co) x [a, h], R+), which is not 
eventually zero on any ray [tp, 00) x [a, b], and F(z) E C(R, R) such that 
If 
f(t, t, x) w 5 2 Q(4 E)J%) en 2, 
-F(3) > F(z) 2 AZ > 0, z > 0, X is a constant. 
00 b 
II 
Q(s, t) (1 - cb(s, 01) WE) ds = 00, to a 
(2) 
(3) 
(4 
then all solutions of equation (1) are oscillatory. 
PROOF. Suppose that z(t) is an eventually positive solution of equation (1). From (Hz), there 
exists a tl > to such that z(t - T) > 0 and z[g(t, [)I > 0, for t > tl, [ E [a, b]. Letting 
y(t) = z(t) + c(t)z(t - T), (5) 
from (5), we have +(t, t)] = y[g(t, t)] - c[g(t, E)ls([g(t, <)I - T), and thus, from (l)-(3), we have 
b 
0 = y’“‘(t) + 
s 
f(t, t,4g(t, EN) d40 a 
b 
> y’“‘(t) + - J Q(4 E)F(+44 EN da(t) a 
J b > y’“‘(t) + A  - Q(t, Ok/b(t, 01 - ckdt, GMt, 01 - 7)) cW9, a 
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from the assumption of c(t) and Q(t,[), we have y(t) > 0 and y(“)(t) < 0, for t 2 tl, and 
y(“)(t) is not eventually zero. Thus, from Lemma 1, there exists a tz > tl and an odd number 1 
(0 < 1 < n), such that for t > tz, we have 
y(“)(t) > 0, 0 .=I k < 1. - , (-l)k-‘y(k)(t) > 0, 15 k < n. 
By choosing k = 1 and k = n - 1, we have 
y’(t) > 0, y@-l)(t) > 0, t 2 t2. (6) 
From (6) ad y(t) 2 z(t), we have y[g(t, t)] > y[g(t, E) - ~1 2 4dt, 6) - 4, ad thus 
y’“‘(t) + X J b Q@, El{1 - 4&E)1Md4 01 WJ) I 0. a (7) 
Now, we choose a constant k > 0 such that y(k) > 0, and from (Hz), there exists a sufficiently 
large T such that g(t,<) > k, for t > T and [ E [a, b]. Furthermore, from y’(t) > 0, we have 
y[g(t,J)] 2 y(k), for t > T and < E [a,b]. From (7), we have 
y’“‘(t) + h/(k) J ’ Q(t, EN1 - c[dt, EM WC) I 0. (8) a 
Integrating both sides of the. above inequality from T to t (t > T), we have 
y@+(t) 5 y (“-l)(T) - Xy(k) : JJ ab Q(s, EN1 - 44s~ 011 c&C) ds. (9) 
Letting t -+ co, the last inequality above leads to a contradiction with (4). 
If z(t) is an eventually negative solution of equation (l), let z(t) = --5(t), then z(t) is an 
eventually positive solution of equation (1)) and equation (1) will transfer the following equation: 
in which f*(t, t, z[g(t, [)I) z -f(t, [, -z[g(t, [)I). From (2) and (3), we can obtain 
f’(4 E, 4dt, 01) = -f(C El -4g(t, 01) 
2 Q(t> E){-F(-4dt,Gl)I 2 Q@, EF’(Mt, 01)~ 
Then, equation (l*) satisfies the conditions of Theorem 1, and using the above-mentioned method, 
we can also get a contradiction. This completes the proof of Theorem 1. 
THEOREM 2. Suppose that (2) and (3) hold, and there exists a $ g(t, a); if there exists a function 
P(t) E C’(ko, m>, (0, m)), dt) is increasing with respect to t, and for some constant m > 0, such 
that 
J[ J O” b(s) b Q(s, EN1 - c[ds,OlI Wt) - w’(s) to a 1 ds = 00, (10) 
then all solutions of equation (1) are oscillatory. 
PROOF. Suppose that z(t) is an eventually positive solution of equation (1). Similar to the proof 
of Theorem 1, there exists a’t2 1 tl such that 
y’(t) > 0, y@+(t) > 0, t > t2, (6) 
Y(W) + x I b Q(6 ai1 - c[s(tl mYb(t>ol WE) 5 0. (7) a 
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Noting that g(t,<) is nondecreasing with respect to 5, it follows that g(t,k) < g(t,<) for t > tz 
and [ E [a, b]. Using that y(t) is increasing and (7), we have 
y’“‘@) + XY[AJ(G a)] J’Q(C rH1 - 47(4 011 wa I 0. (11) a 
Then z(t) > 0. Using that y(“)(t) 5 0 and g(t,<) 5 t, we have y(“-l)(t) < y(“-‘)[g(t,a)]. From 
Y’b(t7 a)1 = 2 $ (4 1 g a , and p(t) is increasing, we have 
< @WY (“-l)(t) cp(t)y’“‘(t) 
- yW,a)l + ddha)l 
I ‘p’(t)y+l) CT) 
Y bee aI1 - Xp(t) s b Q(G<){l - CM4 r)lI %lL a 
in which T satisfies T 2 tz and y’[g(t,u)] > 9, t 2 T. 
Let m = y(“-l)(T)/y[g(T, a)] > 0. Then 
z’(t) i -Xp(t) s b Q(4 t){l - c[g(t,J)lI %a + V’W t 2 T. (13) a 
Integrating both sides of the above inequality from T to t (t > T), we have 
z(t) 5 z(T) - 1’ [i.~(s, 1” Q(s, C){l - cb(s,t)l} da(t) - m(P’(s) 1 ds. (14) T a 
Let t -+ 00, and from (lo), we have z(t) -+ -00, which contradicts z(t) > 0. 
The case of z(t) is an eventually negative solution of equation (1) can be proved by the same 
argument of Theorem 1. This completes the proof of Theorem 2. 
THEOREM 3. Suppose that (2) and (3) hold, and there exist $g(t,u) and function H(t,s), 
h(t, s) E C’(D; R), in which D = {(t, s) 1 t 2 s 2 to}, such that 
(Hd) H(t, t) = 0, t 2 to, H(t, s) > 0, t > s 2 to; 
(Hs) H,‘(t, s) > 0, HL(t, s) 5 0, and -H:((t, s) = h(t, s)dm, (t,s) E D. 
If 
lim sup 
t-+m &l; { W~~)J/~~Q(J,W 
h2(t, s) - 
4M[g(s, u)]+-2g’(s, a) ds 
- CMS, 6111 MO 
= co. 
(15) 
then all solutions of equation (1) are oscillatory. 
PROOF. Suppose that z(t) is an eventually positive solution of equation (1). Similar to the proof 
of Theorem 1, there exists a tl 2 to such that 
y(“)(t) + &[g(t, 41 ib Q(t, Ml - CM4 81) WE) I 0, t>t1. (16) 
a 
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Let 
w(t) = 
y(“-1) (t) 
Y [g(t, aI1 . (17) 
Then w(t) > 0, and from Theorem 2, we have y(+‘)(t) 5 y(+‘)[g(t, u)]. Thus, 
w’(t) = Y(“-w Y(n-1i(ws7~t. ;f7(t’u) 
Yb(4 a)1 - ,a 
5 -A 
J 
b Q(t, [)(l - c[g(t, E)]} da([) - “‘t)y;$;$(t u) . i 
a 
From Lemma 2, we have, y’[g(t, u)] 2 M[g(t, u)]n-2y(“-‘)(t), and thus, 
w’(t) :< -A J b Q(t, E)(l - c[g(t, e)]) da(E) - Wg(4 41”-2d(4 4wYt). a 
For any t > T 2 to, from (Hb), we have 
~H(W~ Q(s, EHl - cb(s~t)l~ d4t) ds 
J 
t I- H(t, s)w’(s) ds - 
T J Tt MH(t, s)[g(s, u)ln-‘gr(s, u)w2(s) ds ZZ Lt H(t, s) dw(s) - JTt MH(t, s)[g(s,u)]n-2g’(s, u)w2(s) ds 
= H(t,T)w(T)- Lt h(t, s)v@&G) ds-JTf MH(t, s)[g(s, u)]n-2g’(s, u)w2(s) ds (18) 
= H(t, W4T) - Lt [d MH(t, s)b(s, a)ln-2d(s, ub-4~) 
Furthermore, we have 
Q(s, EN1 - c[ds,t)l)ddt) - 4MIg(sh$:;gr(s u) ds 7 1 t I H(t, T)w(T) - J [ &W, s)b(s, u)1”-2d(s> U)W(S) T (19) 
+v/ci&iJ ds. 
Form (Hs), Hi(t, s) 5 0, for tl 2 to, we have H(t, tl) 5 H(t, to), and for t > tl 
({W+P~b h2(t, 3) Q (s, t){l - c[g(s~ 01) da(E) - 4Migcs, u~,n-~g,~s, uj ds t < H(t, tl)w(tl) - J [ &Wt, s)[g(s, a)l”-%‘(s, U)W(S) t1 (20) 
+%qzzJ’ ds 5 H(t,tl)w(tl) 5 H(t, to)w(td. 
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Q(s, EN1 - MS, 011 WJ) - sMis(s~~;;~:~g,~s ds 
= & { 1; + l:} { H(t,s) [QWHl -Ms~E)l~da(E) 
h2(t, s) - (21) 
4M[g(s, u)]n-2g’(s, u) 1 ds 
4u,(td+~; j&l Q(s, EHl - MS, EN) WE) ds tl b 
5 w(t1) + JJ Q(s, Ml - 4ds, 011 WEI ds. to a 
Letting t --+ 00, we have 
lim sup Tim & lot { H(t, s) Jo” Q(s, t)P - cb(s~ E)]) dcG) - 4,,,,4;;::;g,,. u,} ds (22, 
tl b 
\ , 
5 w(b) + JJ Q(s, 0 (1 - c[g(s, <)]IWC) ds<M> toa 
which contradicts (15). This completes the proof of Theorem 3. 
If we choose H(t, s) = (t - ~)~-l, t > s 2 to. k > 2 is an integer. Let h(t, s) = (k -_ l)(t - 
s)ckM3)i2, t > s 2 to. It is easy to prove that Conditions (Hd) and (Hs) are satisfied, and thus, - 
we have the following corollary. 
COROLLARY 1. Suppose that there exists a -$ g(t,a), k > 2 is an integer, and 
1 
-4M[g(s, u)J(-g’(s, a) 
(k - 1)2(t - s)~-~ ds = 00. 
Then all solutions of equation (1) are oscillatory. 
CASE II. -1 5 c(t) 2 0. 
THEOREM 4. Suppose that (2) and (3) hold. If 
cw b 
SJ Q(s, t) WE) ds = ~0, to a (23) 
then all unbounded solutions of equation (1) are oscillatory 
PROOF. Suppose that z(t) is an eventually positive unbounded solution of equation (1). 
From (Hz), there exists a tl 2 to such that z(t - 7) > 0, z[g(t, [)] > 0, for t 2 tl and E E [a, b]. 
Let 
y(t) = z(t) f c(t)z(t - 7). (24) 
From -1 5 c(t) 5 0, we have y(t) < z(t). Then, 
0 = y’“‘(t) + J a b f(t, E, +(t, 01) M) > y’“‘(t) + s” w, w(dg(t, 81) do(t) a 
> yyq+/\ , - J b 
b 
Q(t E)+(t, 01 d4E) 2 dn) (t) + X J Q(t, EMdt, 01 d40 a a 
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Now we can assert that y(t) > 0, t > tr. In fact, suppose that y(t) < 0. Then 
z(t) < -c(t)x(t - T) < z(t - T), t>t1, 
but it is impossible because s(t) is an unbounded solution. By Lemma 1, there exists a ts 2 ti 
such that 
y’(t) > 0, y@-(t) > 0, t 2 t2. (25) 
From the fact that y(t) 2 0, t 2 t2, we see that there exists a T > 0 and T 2 t2 such that 
y(T) > 0. From (Hz), th ere exists a t3 2 t2 such that g(t, 6) > T, t 2 t3, and 6 E [a, b]. Using 
that y(t) is increasing in [t3, oo), we have y[g(t,E)] 1 y(T), t 2 t3, 6 E [a, b]. Hence, 
y’“‘(t) I -XY(T) J abQwm (26) 
Integrating both sides of above inequality from t3 to t (t > t3), we have 
y@-‘)(t) I d”-‘)(k) - XY(T) 1; I” Q(s, E) Wt) ds. (27) 
Letting t -+ 00, then y(+‘)(t) -+ -co, which contradiction with y(‘+‘)(t) > 0. 
The case of z(t) is an eventually negative solution of equation (1) can be proved by the same 
argument of Theorem 1. This completes the proof of Theorem 4. 
Now, we give two examples. 
EXAMPLE 1. Consider the high-order equation 
[z(t) + (1 - eWt) z(t - T)](~) + J2 ezt+cx(t + 6)[I + s2/3(t + t)] d[ = 0, t > 1, (28) 
in which 7 > 0 is constant, a = 1, b = i, c(t) = l--eet, g(t, 6) = t+<, f(t, 5, z) = e(2t+E)z(1+z2/3). 
Choosing Q(t,[) = e2t+E, F(z) = ~(1 + z2j3), then the conditions of (2) and (3) in Theorem 1 
hold, and 
co b 
JJ O” 
2 
Q(s, t){l - ckds, 011 MO ds = eS+c de ds = ca 
to a JJ 1 1 
Therefore, all solutions of equation (28) are oscillatory by Theorem 1. 
EXAMPLE 2. Consider the high-order equation 
f [z(t)+(l-i)z(t-T)] +~2tr(tQ~~arctan[d[=0, t>l, (29) 
in which 7 > 0, n = 4 a = 1, b = 2, c(t) = 1 - l/t, g(t,[) = t[, f(t,[,x) = tz&??arctanE. 
Choosing Q(t, 6) = n/4, F(z) = zdw, then the conditions of (2) and (3) hold. Furthermore, 
choosing H(t,s) = (t - s)~, h(t,s) = 2, that is, k = 3 in Theorem 3, then Conditions (H4) 
and (Hs) are satisfied, and 
1 
-4M[g(s,a)]+2)g’(s,.) 
(k - l)2(t - s)‘+’ ds 
=li~~p~~{(t-s)2~2~.~de-~}ds 
lnt - 2t2 1 + & - $ 
Therefore, all solutions of equation (29) are oscillatory by Theorem 3. 
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